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Abstract
In this paper we study the behavior of the limit distance function d(x) = lim dist(x,Cn) defined by a
nested sequence (Cn) of subsets of a real Banach space X. We first present some new criteria for the
non-emptiness of the intersection of a nested sequence of sets and of their ε-neighborhoods from which
we derive, among other results, Dilworth’s characterization [S.J. Dilworth, Intersections of centred sets
in normed spaces, Far East J. Math. Sci. (Part II) (1988) 129–136 (special volume)] of Banach spaces not
containing c0 and Marino’s result [G. Marino, A remark on intersection of convex sets, J. Math. Anal. Appl.
284 (2003) 775-778]. Passing then to the approximation of the limit distance function, we show three types
of results: (i) that the limit distance function defined by a nested sequence of non-empty bounded closed
convex sets coincides with the distance function to the intersection of the weak∗-closures in the bidual;
this extends and improves the results in [J.M.F. Castillo, P.L. Papini, Distance types in Banach spaces, Set-
Valued Anal. 7 (1999) 101-115]; (ii) that the convexity condition is necessary; and (iii) that in spaces with
separable dual, the distance function to a weak∗-compact convex set is approximable by a (non-necessarily
nested) sequence of bounded closed convex sets of the space.
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This paper is devoted to study the behavior of the limit distance function
x −→ lim dist(x,Cn)
for a nested sequence (Cn) of subsets of a real Banach space X. We will say that the limit distance
function can be approximated by a set C if for all x ∈ X one has
dist(x,C) = lim dist(x,Cn).
The first question that naturally appears in order to obtain the set C is to give conditions under
which the nested sequence has non-empty intersection. This topic has a long tradition in Banach
space theory: ˘Smul’ian [17] and Klee [13] characterize reflexivity in terms of the non-emptiness
of the intersection of nested sequences of convex closed and bounded sets (see also [1]); Klee
[13] characterizes reflexivity using closed, bounded, star-shaped sets; Klee [14] characterizes
finite dimensional spaces using convex, closed, linearly bounded sets, Chelidze [9] using closed,
bounded sets; Dilworth [11] characterizes Banach spaces not containing c0 using closed bounded
centred and star-shaped sets; and the list could probably continue.
Section 2 of the paper considers this topic presenting three new criteria for the non-emptiness
of the intersection of a nested sequence of sets. From them we derive a simpler proof for a gen-
eralization of Dilworth’s result asserting that the intersection of a nested sequence of centred sets
in a Banach space not containing c0 cannot be empty. We turn then our attention to a statement
of Marino [15] asserting that for a nested sequence (Cn) of convex subsets of a Banach space
with non-empty intersection the intersection of the ε-neighborhoods of the sets is bounded or
unbounded independently of ε. We provide a different proof for this result and study with several
examples the necessity of the hypotheses.
Section 3 considers the problem of approximating a limit distance function. It seems natural
to expect that when
⋂
Cn = ∅ the limit distance function be approximable by the set ⋂Cn. For
convex closed sets this characterizes in fact the reflexivity of the space, and one actually has:
Proposition 1. A Banach space X is reflexive if and only if for every nested sequence of non-
empty bounded closed convex subsets Cn of X one has
⋂
Cn = ∅ and for all x ∈ X,
dist
(
x,
⋂
Cn
)
= lim dist(x,Cn).
The characterization in terms of the non-emptiness of the intersection is due to ˘Smul’ian [17];
see also Klee [13]. The implication involving the equality is due to Baronti and Papini [2]. A vari-
ation of this result appears, replacing convex sets by subspaces, in [8]; see also [1, Lemma 3.4].
Part of this result will be generalized in Theorem 1 in Section 3. Proposition 11 shows that the
limit distance function can have a strange behavior when non-convex sets are involved.
Our point of view to study the limit distance function in [7] was to consider it as generalized
type in the following sense: given a convex set C in a Banach space X, identifying the set C
with the function dist(·,C) ∈ RX , consider the closure of those functions RX; we called them
“distance types.” In [7] we showed that for every element g ∈ X∗∗ there exists a nested sequence
of bounded closed convex sets in X such that its limit distance function is precisely dist(·, {g}),
and that there exists in every non-reflexive space X a nested sequence of bounded closed convex
sets whose limit distance function cannot be approximated by a point of X∗∗. The theory opened
in [7] will be, to some extent, completed here: we will show in Section 3 that the limit distance
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Banach space can always be approximated by a weak∗-compact convex set of the bidual. More-
over, we will obtain the following structure result: in a Banach space X with separable dual, a
weak∗-compact convex set of X∗∗ is, for each k ∈ N, the nested intersection of the sequence of
the weak∗-closures of bounded closed k-convex sets (in the sense of Bruck [5]) of X.
2. About the intersection of nested sequences
2.1. Strategies
Among all the results about characterizations of Banach spaces involving intersection of sets
there are two which clearly stand apart, for which we will show they share a common root: they
are Dilworth’s results [11] and the folklore result that the intersection of a nested sequence of
balls is always non-empty. The result for closed balls is mentioned in [12], where a stronger
result is in fact obtained, and explicitly proved in [19]. Under inspection, those proofs reveal the
following strategy.
A strong strategy. A strong strategy for a family A of closed sets is a map
S :A→ X ×R+
such that if S(F ) = (pF ,m(F)) then pF ∈ F and
G ⊂ F ⇒ ‖pF − pG‖m(F)−m(G).
Obviously this condition implies that whenever G ⊂ F then m(G)m(F); i.e., the “measure”
m(·) is monotone.
Proposition 2. If the family A admits a strong strategy then the intersection of every nested
sequence of elements of A is non-empty.
Proof. The proof follows the idea of [19]: if (Fn) is the nested sequence and we set pn = pFn
then
‖pn − pn+1‖m(Fn)−m(Fn+1),
hence
N∑
n=1
‖pn+1 − pn‖m(F1)−m(FN+1)m(F1)
and thus
∑
n ‖pn+1 −pn‖ < +∞. Since the same occurs to every subsequence, (pn) is a Cauchy
sequence, thus convergent to a point p. Being the sets closed, p must belong to all the Fn. 
In the case of balls it is clear that the points pF can be chosen the centers and the measures can
be the radii. Of course, in practice one needs less. The conditions are only needed, for instance,
for a certain subsequence of the nested sequence. With the same considerations, we also have:
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W :A→ X × (R+)X∗
such that if W(F ) = (pF , (mφ(F ))φ∈X∗) then pF ∈ F and
∀φ ∈ X∗, G ⊂ F ⇒ ∣∣φ(pF − pG)∣∣mφ(F)−mφ(G).
Proposition 3. If the familyA admits a weak strategy in a Banach space X that does not contain
c0 then every nested sequence of elements of A has non-empty intersection.
Proof. Let (Fn) be a nested sequence of sets in A and let (pn) be the associated sequence of
points. Following the proof for the “strong” strategy what one gets is that every subsequence
(pnj ) of (pn) verifies for every φ ∈ X∗ that∑∣∣φ(pnj+1 − pnj )∣∣mφ(Fn1).
In other words, for every subsequence of indices (nj ) the sequence (pnj+1 − pnj ) is weakly
1-summable. In a Banach space not containing c0 weakly 1-summable sequences are norm con-
vergent to 0. This implies that for every subsequence of indices (nj ) the sequence (pnj+1 −pnj )
is convergent to 0, so (pn) is a Cauchy sequence. 
Recall from [11] that a subset F of a normed space is called centred if there is a point p ∈ F ,
called the center of F , such that F −p is symmetric. Dilworth’s result [11] that in a Banach space
not containing c0 nested sequences of bounded closed centred sets have non-empty intersection
can be first obtained and then generalized as follows.
Proposition 4. The family of bounded closed centred sets admits a weak strategy.
Proof. Of course the point pF is the center of F and the “weak” measure associated with a
functional φ ∈ X∗ is
mφ(F) = sup
f∈F
φ(f − pF ).
Let us observe first that mφ(F) = m−φ(F ): since F − pF is symmetric, given f ∈ F then
pF −f ∈ F −pF , so there exists h ∈ F such that pF −f = h−pF . This yields −φ(f −pF ) =
φ(pF − f ) = φ(h− pF ) and therefore m−φ(F ) = mφ(F).
Now, we can assume without loss of generality that pF = 0, that mφ(F) = φ(f0) and that
mφ(G) = φ(g0 − pG). Thus we need to show that∣∣φ(pG)∣∣ φ(f0)− φ(g0 − pG).
On one hand,
φ(pG) = φ(g0 − g0 + pG) = φ(g0)− φ(g0 − pG) φ(f0)− φ(g0 − pG).
On the other hand, by the previous estimate and the remark at the beginning,
−φ(pG)m−φ(F )−m−φ(G) = mφ(F)−mφ(G). 
To generalize it, let us call a set A in a Banach space X weakly symmetric if for every φ ∈ X∗
the set φ(A) is symmetric in R. Even in R2 weakly symmetric sets need not be symmetric: just
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be called weakly centred if there is point p ∈ A such that A− p is weakly symmetric.
Proposition 5. The family of bounded closed weakly centred sets admits a weak strategy.
Proof. Again, the point pF is the center of F and the “weak” measure associated with a func-
tional φ ∈ X∗ is
mφ(F) = sup
f∈F
φ(f − pF ).
Observe that what made everything work in the previous proof was the equality mφ(F) =
m−φ(F ). To get it, it is enough that given f ∈ F there exists h ∈ F such that −φ(f − pF ) =
φ(h− pF ), which is exactly what weak symmetry does. 
Since c0 contains a nested sequence of bounded closed centred sets with empty intersection
(see [11]) one has:
Corollary 1. A Banach space X does not contain c0 if and only if every nested sequence of
non-empty bounded closed weakly centred sets has non-empty intersection.
2.2. Hausdorff convergence
A different attack to the problem appears when using the Hausdorff metric H(·) in the hyper-
space of bounded closed subsets of X:
H(A,B) = max
{
sup
x∈A
dist(x,B), sup
y∈B
dist(y,A)
}
.
Proposition 6. Let (An) be a nested sequence of non-empty bounded closed sets in a Banach
space X. If ∑n H(An,An+1) < +∞ then ⋂An = ∅.
Proof. Let us inductively define a sequence, p1 ∈ A1 and pn+1 ∈ An+1 such that ‖pn−pn+1‖
dist(pn,An+1)+ 2−n. Since ∑n ‖pn −pn+1‖∑H(An,An+1)+ 1 < +∞ the sequence (pn)
is a Cauchy sequence and the limit is a common point p ∈⋂An. 
Simple examples in l2 show that, in general, the mere condition limH(An,An+1) = 0 does
not guarantee the non-emptiness of the intersection: the sets
An =
{
x ∈ l2: 1 ‖x‖ 2; xj = 0 if 1 j  n, and |xj | j−1, ∀j  n+ 1
}
form a nested sequence of bounded sets with empty intersection and H(An,An+1) = (n+ 1)−1.
Of course, if the sets are not required to be closed then the previous condition is not sufficient:
just consider in R the sets An = (0,2−n).
2.3. The intersection of ε-neighborhoods of convex sets
In [15] Marino raises interesting issues about the intersection of nested sequences of sets.
Given a subset G of a Banach space X, the ε-neighborhood of G is defined for ε > 0 as the set
Gε = {x ∈ X: dist(x,G) ε}.
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Proposition 7. Let {Gγ , γ ∈ Γ } be a family of convex subsets of X such that ⋂γ Gγ = ∅. Then
either
⋂
γ G
ε
γ is bounded for each ε or it is unbounded for each ε.
Let us provide a simpler proof for a generalization of this result. It is clear that the essence of
the result does not change assuming that what we have is a sequence of sets. Recall that given a
set A its kernel is defined as the set of points p in A such that for every point a of A the segment
joining p and a is contained in A. A set is star-shaped if its kernel is non-empty.
Proposition 8. Let (Gn) be a sequence of star-shaped subsets of X whose kernels have a common
point. Then either
⋂
Gεn is bounded for all ε or it is unbounded for all ε.
Proof. We may assume without loss of generality that 0 ∈⋂Gn is the common center. Clearly,
if 0 < ε < δ then
⋂
Gεn ⊂
⋂
Gδn. Assume that for some δ > 0 the set
⋂
Gδn is unbounded and let
us prove that for all 0 < ε < δ the set
⋂
Gεn is also unbounded. Let k be a natural number and
consider x ∈⋂Gδn with ‖x‖ > k. Given σ > 0 there exists gn ∈ Gn such that ‖x − gn‖ < δ + σ .
The star-shapedness of Gn makes that also the segment [0, gn] is contained in Gn, and thus
ε
δ+σ gn ∈ Gn. Since∥∥∥∥ xεδ + σ − εδ + σ gn
∥∥∥∥= ‖x − gn‖ εδ + σ < ε
the point xε
δ+σ is in G
ε
n for all n. It follows that for each ε,σ, k there are points in
⋂
Gεn with
norm greater than or equal to εk
δ+σ , and therefore
⋂
n G
ε
n is unbounded. 
A few comments about the hypotheses can be made. We address the reader to [3] for a study
about when the intersection of a nested sequence of star-shaped sets is star-shaped. It is clear that,
introducing a well order on the set Γ , there is no loss of generality in assuming that the family is
nested: one simply has to replace Gγ0 by
⋂
γ<γ0
Gγ . Of course, questions about to which extent
the condition
⋂
Gn = ∅ is necessary and about the character of the sets ⋂Gεn come to one’s
mind. The following four examples settle most of them. Let us agree that by convA we mean the
closed convex hull of the set A.
Example 1. A nested sequence of bounded closed convex sets for which ⋂Gn = ∅ but such that⋂
Gεn = ∅ for all ε > 0. Set a partition (Fk)k=0,1,... of N in which each set Fk = {f (k,n): n ∈N}
is infinite. Now we pick in l1 the sets Dj = conv{ef (0,k) + k−1ef (j,k): k ∈N} to finally set
Gn = conv
( ∞⋃
j=n
Dj
)
.
It is clear that ef (0,k) ∈ G1/kn for all n and thus⋂Gεn = ∅ for all ε > 0. That⋂Gn = ∅ holds can
be seen noticing that the supports of the elements of the sets Dj are disjoint.
Example 2. A nested sequence of bounded convex closed sets for which ⋂Gn =⋂Gεn = ∅ for
all ε < 1 and
⋂
G1n = ∅. Set
Gn =
{
x ∈ c0: xj = 1 if 1 j  n, and |xj | 1 if j > n
}
.
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for which
⋂
Gn = ∅ and such that for each ε > 0, ⋂Gεn = ∅. Marino’s Example 1 shows the
(non-nested) sequence
G2n−1 =
{
x ∈ l2: xn  n−1
}
and G2n =
{
x ∈ l2: −xn  n−1
}
of closed convex (unbounded) sets in l2 whose intersection is the Hilbert cube, hence compact,
and such that
⋂
n G
ε
n is unbounded for each ε. A related question is if it can be possible having⋂
Gn = ∅ and some intersections ⋂Gεn non-empty and bounded and others unbounded. First
observe that if the restriction ‖x‖ 1 is deleted in Example 2 we get:
Example 3. A nested sequence of convex closed sets for which ⋂Gn =⋂Gεn = ∅ for all ε < 1
and
⋂
G1n is unbounded.
Set
Gn = {x ∈ c0: xj  1 if 1 j  n}.
Since λe1 ∈⋂G1n for all λ  1, this set is unbounded. Let us show that the property above
characterizes reflexivity.
Proposition 9. A Banach space X is not reflexive if and only if for some positive α  β there
exists a nested sequence of non-empty closed convex sets (Cn) such that
(1) ⋂Gεn = ∅ for all ε < α;
(2) ⋂Gεn is unbounded for all ε > β .
Proof. We show first that in reflexive spaces such situation cannot hold; precisely, we show that
if
⋂
Cn = ∅ then ⋂Cεn = ∅ for all ε > 0. Assume that there exists p ∈⋂Cεn = ∅. This means
that there exist cn ∈ Cn such that ‖p − cn‖  ε. But then ‖cn‖  ‖p‖ + ε and thus the nested
sequence of convex closed bounded sets B‖p‖+ε ∩Cn must have non-empty intersection, as well
as the sequence Cn itself, against the hypothesis.
For the converse, let X be an infinite dimensional Banach space. Assume the existence of a
sequence (fn) ∈ X∗ such that:
(1) 0 ∈ {fn}weak∗ .
(2) ⋂nj=1 f−1j [ε,∞)} = ∅ for all n.
(3) ⋂kerfn = {0}.
Then, if we call V (n, ε) =⋂nj=1 f−1j [ε,∞) and δ(n, ε) = inf{‖t‖: t ∈ V (n, ε)} one has:
• ⋂V (n, ε)λ = ∅ for all λ < ε.
• ⋂V (n, ε)λ is unbounded for all λ > sup δ(n, ε).
The first assertion is clear since the existence of p ∈⋂V (n, ε)λ implies fj (p)  ε − λ for
all j , in contradiction with (1) when λ < ε. Let γ > 0; if un is chosen in V (n, ε) with ‖un‖ <
δ(n, ε) + γ and u ∈⋂kerfn then for all γ > 0 one has ru ∈⋂V (n, ε)δ(n,ε)+γ for all r since
ru+ un ∈ V (n, ε).
We only need then to obtain such functionals in a non-reflexive infinite-dimensional space.
Take x∗∗ ∈ X∗∗ a norm one non-weak∗-continuous functional. Thus, for some sequence
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closure of the ball of X, given {f1, . . . , fn} it can be chosen xn ∈ X with ‖xn‖  1 such that
fj (x
∗∗ − xn) < 2−nα; hence, fj (xn) > (1 − 2−n)α. Hence supn δ(n,α)  1. The condition⋂
kerfn = {0} causes no difficulty since one can always work on a closed hyperplane of the
space. Therefore, we get that
⋂
V (n,α)ε = ∅ for all ε < α and ⋂V (n,α)1+ε is unbounded for
all ε > 0. 
Remark. One of the main results in this paper, the forthcoming Theorem 1, provides an alterna-
tive proof for the harder part of the proof, the necessity condition, which we briefly sketch now:
write X = H × [z], pick a nested sequence of non-empty bounded convex closed sets (Cn) in
H with empty intersection. Assume that M = sup{‖c‖: c ∈ C1}. Theorem 1 provides the exis-
tence of some δ > 0 such that for all h ∈ H one has lim dist(h,Cn) > δ. The non-empty convex
closed sets Dn = Cn × [z] form a nested sequence. Assuming without loss of generality that the
inequalities ‖ · ‖∞  ‖ · ‖X  c‖ · ‖∞ hold, one has:
• ⋂n Dδn = ∅; since the existence of (p,λz) ∈⋂n Dδn implies lim dist(p,Cn) δ; and• ⋂n DcMn is unbounded, since (0, λz) ∈ DcMn because for any cn ∈ Cn one has (cn, λz) ∈ Dn.
The question of what happens in Proposition 9 for ε ∈ [α,β] has been observed to us by
M. Martín: set b = sup{ε  α: ⋂n Gεn is bounded}, which yields α  b < β . Thus, ⋂Gεn is
empty for all ε < α; non-empty but bounded for α  ε < b and unbounded for all ε > b.
If, however, we relax the convexity condition, then:
Example 3∗. A nested sequence of closed sets for which ⋂Gn =⋂Gεn = ∅ for all ε < 1 and⋂
G1n is unbounded. We set
Gn =
{
x ∈ c0: xj  0 and sup
jn
xj  1
}
.
That
⋂
Gεn = ∅ for all ε < 1 is clear since a point in that intersection should have infinitely many
terms greater than 1 − ε. Nevertheless, ⋂G1n is unbounded since it contains all the elements re1
for all scalars r > 0. The same construction can be repeated in every Banach space X having a
normalized Schauder basis (ek). If Pn denotes the projection onto the first n coordinates, take
K = supn{‖I − Pn‖,‖Pn‖}. Then the sets
Gn =
{
x ∈ X: xj  0 and
∥∥(I − Pn)(x)∥∥ 1}
verify
⋂
Gn =⋂Gεn = ∅ for all ε < 1/K and ⋂G1n is unbounded. The interest of this observa-
tion is to notice that also Hilbert spaces (K = 1) contain sequences of this type.
Our last example is the most demanding.
Example 4. A nested sequence of unbounded closed convex sets for which ⋂Gn = ∅ but
such that
⋂
Gεn is unbounded for all ε > 0. With the same notation as in Example 1, set
a partition F0,k of F0 in which each set F0,k = {f (0, k, n): n ∈ N} is infinite. Set now
Dj = conv{∑mi=1 i−1ef (0,k,i) + k−1ef (j,k): k,m ∈ N}, and form then the sets Gn just as before.
Since
∑m
i=1 i−1ef (0,k,i) ∈ G1/kn for all n and m, the intersection
⋂
Gεn is unbounded.
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To close this section, let us recall that a set A is said to be ε-convex if the Hausdorff distance
to its convex envelope is H(A, conv(A))  ε. Contrarily to what intuition could say after the
previous results one has:
Proposition 10.
(1) The intersection of nested sequences of non-empty closed bounded ε-convex sets can be
empty, even in reflexive spaces.
(2) In reflexive spaces the intersection of a nested sequence (Cn) of non-empty closed bounded
sets such that Cn is εn-convex with lim εn = 0 is non-empty.
Proof. An example in l2 establishes the first assertion: let An = {(xn): ∑∞j=n |xj |2  ε2}. To
prove the second assertion, assume that the sequence (εn) is monotone. Since
⋂
conv(Cn) = ∅,
take a point p in that intersection and let us show that p ∈⋂Cn. This will be done showing that
lim dist(p,Cn) = 0. Take ε > 0 and then N ∈N such that εn < ε for n >N . Since p ∈ conv(Cn)
and Cn is εn-convex, dist(p,Cn) εn < ε for n >N . 
3. Approximation of the limit distance function
As we mentioned in the introduction, a Banach space X is reflexive if and only if every nested
sequence of non-empty bounded closed convex subsets Cn of X has non-empty intersection and
dist(x,
⋂
Cn) = lim dist(x,Cn) holds for all x ∈ X. Therefore, every non-reflexive space admits
a non-approximable nested sequence of non-empty bounded convex closed sets (see in [4], or
else in [7], explicit examples). Reflexivity is also characterized by the non-emptiness of the
intersection of nested sequences of closed, bounded star-shaped sets (Klee [13]), which makes it
surprising that these nested sequences need not be approximable.
Proposition 11. Given a point x = 0 in an infinite dimensional Banach space there exists a nested
sequence of bounded closed centred sets (Sn) such that
⋂
Sn = {0} and
lim dist(x, Sn) = dist
(
x,
⋂
Sn
)
.
Proof. Let 0 = x ∈ X and let f ∈ X∗ such that f (x) = ‖x‖. Using Riesz’s lemma it is pos-
sible to pick an infinite sequence of points (ai) in H = f−1(‖x‖) with ‖x − ai‖ = ‖x‖2 and
‖ai − aj‖  ‖x‖4 for i = j . The sets SN =
⋃∞
i=N [−ai, ai] form a nested sequence of centred
sets (actually stars, in Dilworth’s language). The sets SN are closed because if p = limλiai with
−1  λi  1 then, passing to a subsequence if necessary, we can assume that limλi = λ. So,
p = limλai . If λ = 0 then p = 0. Otherwise, the sequence (λai) is Cauchy and this is impos-
sible. The intersection
⋂
SN = {0} because if for different i, j a point p = λiai = λjaj then
λi = λj since we are in H and thus ai = aj , which is once more impossible. Finally
lim dist(x, SN)
‖x‖
2
< ‖x‖ = dist
(
x,
⋂
Sn
)
. 
This leaves no room for a characterization of Banach space properties in terms of approxima-
tion of classes of sets including centred sets.
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nested sequence of convex closed sets in a non-reflexive space, let us recall that it is one of the
main results in [7] that “flat” (in the sense of Milman and Milman [16], which means that the
function x → lim‖x − cn‖ does not depend on the choice of points cn ∈ Cn) nested sequences
of closed convex sets are approximable by
⋂
Cn
w∗
. We shall now show that this always holds.
Theorem 1. Let X be a separable Banach space and let (Cn) be a nested sequence of non-empty
bounded closed convex sets. Then for every x ∈ X one has
dist
(
x,
⋂
Cn
w∗
)
= lim dist(x,Cn).
Proof. It will be useful to consider the language of ultrapowers now. A free ultrafilter is an
element of the weak∗-closure of the canonical basis of l1 in l∗∗1 different form the elements
of the basis. Thus, a free ultrafilter U induces a linear continuous map U : l∞ → R such that
U(x) ∈ {xn}. Given a Banach space X and a free ultrafilter U the ultrapower XU is the quotient
space l∞(X)/cU0 (X), where cU0 (X) = {x ∈ l∞(X): U((‖xn‖)) = 0}. Observe that if [x] ∈ XU
then ‖[x]‖ = U((‖xn‖)).
Given the sequence (Cn) we form the set (Cn)U = {[cn]: cn ∈ Cn} in the ultrapower XU of X.
This is a closed convex set which verifies
dist
(
x, (Cn)U
)= lim dist(x,Cn).
Now, X∗∗ is complemented in XU by a norm 1 projection P given by 〈P([x]), x∗〉 =
U((〈x∗, xn〉)) (see [18] for details). Consider the closed convex set C = P((Cn)U ). If cn ∈ Cn
are points such that ‖x − cn‖ dist(x,Cn)+ 2−n then one has
dist(x,C)
∥∥x − P ([cn])∥∥X∗∗  dist([x], (Cn)U )= lim dist(x,Cn).
On the other hand, it was proved in [7, Lemma 2.3] that for a nested sequence of closed convex
sets one always has lim dist(x,Cn) dist(x,
⋂
Cn
w∗). Therefore
dist(x,C) dist
(
x,
⋂
Cn
w∗
)
.
Moreover, by its very definition C⊂⋂Cnw∗ which immediately implies
dist
(
x,
⋂
Cn
w∗
)
 dist(x,C),
and the proof is complete. 
A somewhat unexpected corollary is:
Corollary 1. Let X be a separable, dual, Banach space, and let p :X∗∗ → X be the natural
norm one projection. For every nested sequence (Cn) of non-empty bounded closed convex sets
for which p(⋂Cnw∗) = {0} one has that for all x ∈ X,
‖x‖ lim dist(x,Cn).
In l1 the obvious sequence Cn = conv{ej : j  n} verifies that for all x ∈ l1 one has
lim dist(x,Cn) = 1 + ‖x‖; this suggests the following result:
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exists a nested sequence (Cn) of bounded closed convex sets with empty intersection such that
for some ε > 0 and all x ∈ X,
‖x‖ + ε  lim dist(x,Cn).
Proof. Since dist(x,
⋂
Cn
w∗) = lim dist(x,Cn), taking g ∈⋂Cnw∗ it follows that for all x ∈ X,
‖x‖ + ε  ‖x − g‖.
Now this g defines an “octahedral type,” i.e., an equivalent octahedral norm in X and therefore
X contains l1 (see [10, III.2]). 
When X is not reflexive it was shown in [7, Theorem 4.1] that there exist limit distance
functions of nested sequences of bounded closed convex sets that cannot be approximated by a
single point of the bidual. So, Theorem 1 seems to be optimal. About the converse, it was shown
in [7, Theorem 5.1] that for every point g ∈ X∗∗ there exists a nested sequence of bounded closed
convex sets of X such that their limit distance function is precisely dist(·, {g}).
Problems.
(1) Let X be a separable Banach space. Given a weak∗-compact convex set C in X∗∗ does there
exist a nested sequence (Cn) of bounded convex closed subsets of X such that
C=
⋂
Cn
w∗?
(2) Let X be a non-reflexive Banach space and let C be a closed convex set of X∗∗. Does there
exist a nested sequence of convex sets (Cn) in X such that for all x ∈ X one has
dist(x,C) = lim dist(x,Cn)?
Problem (2) was suggested to us by a comment of the referee. A partial answer to (2) is given
by the following result.
Proposition 13. Let X be a Banach space with separable dual. Given a non-empty weak∗-
compact convex set C in X∗∗ there exists a (non-necessarily nested) nested sequence (Cn) of
bounded convex closed subsets of X such that for all x ∈ X one has
dist(x,C) = lim dist(x,Cn).
Proof. Since X is separable it is possible to find (see also Proposition 1.1 of [7]) a sequence
(gn) ⊂ C such that for all x ∈ X,
dist(x,C) = lim dist(x, conv{gj : j  n}).
Since X∗ is separable, let (xj ) be a dense sequence in X and (fj ) a dense sequence in X∗.
Using the Principle of local reflexivity (see [10]) it is possible to find a sequence of opera-
tors TN : [x1, . . . , xN ,g1, . . . , gN ] → X with norm ‖TN‖  1 + 2−N such that TN(xj ) = xj for
1 j N , and T ∗N(fj ) = fj for 1 j N . Set
CN = TN
(
conv{g1, . . . , gN }
)
.
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One has
dist(xv,CN)
∥∥∥xv − TN(∑ θvj gj)∥∥∥ (1 + 2−N)∥∥∥xv −∑ θvj gj∥∥∥

(
1 + 2−N )(dist(xv,C)+ ε)
which suffices to yield, for all x ∈ X, the inequality
lim dist(x,CN) dist(x,C).
Conversely, given
∑
θNj gj ∈ conv{g1, . . . , gN }, since C is weak∗-compact, there is no loss of
generality assuming that there is g ∈ C such that g = weak∗ − lim∑ θNj gj .
Claim. Let cn = Tn(sn) ∈ Cn. If g = w∗ − lim sn then g = w∗ − lim cn.
Proof of the claim. Let fv be fixed and assume n v. Then
〈g,fv〉 = lim〈sn, fv〉 = lim〈sn, T ∗n fv〉 = lim〈Tnsn, fv〉.
A simple density argument completes the proof of the claim. 
So, g = weak∗ − limTN(∑ θNj gj ); which implies that, following the notation of Theorem 1,
P((Cn)U ) ⊂ C. By the proof of Theorem 1 one then has
dist(x,C) dist
([x],P ((Cn)U ))= lim dist(x,Cn). 
Following Bruck [5], see also section 6 in [6], given a set A we form, for k ∈ N, its k-convex
envelope as the set:
co[k](A) =
{
k∑
j=1
θjaj : θj  0,
k∑
j=1
θj = 1; aj ∈ A
}
.
The proof in step 1 shows that for each k ∈N one has
⋂
N
co[k]w∗
{ ∞⋃
j=N
Cj
}
⊂ C.
There is no loss of generality assuming that the points gj form a weak∗-dense sub-
set of C. Since every gj ∈ C is the weak∗-limit of the sequence of its images, namely
gj = weak∗ − limTNgj , it follows that also every g ∈ C is in the weak∗-closure of the set
{TNgj : N ∈ N; j ∈ N}. Therefore, for each k ∈ N one has
C=
⋂
N
co[k]w∗
{ ∞⋃
j=N
Cj
}
.
This provides a partial answer to (1). One could also ask about the behavior of the limit
distance function for non-nested sequences of sets. Here results seem to be disappointing: even
R contains sequences (Cn) of bounded convex sets (points) that do not admit approximation by
any set.
J.M.F. Castillo, P.L. Papini / J. Math. Anal. Appl. 328 (2007) 577–589 589Example. Let Cn = {rn} for any non-convergent sequence. Assume there exists C satisfying
dist(r,C) = lim dist(x,Cn) for all r ∈ R. If p ∈ C then lim‖p − rn‖ = 0 and rn must converge
to p.
Acknowledgment
The authors acknowledge the extremely careful and inspiring work of the referee.
References
[1] D. Azagra, M. Montesinos, Starlike bodies and deleting isomorphisms, Extracta Math. 19 (2004) 171–213.
[2] M. Baronti, P.L. Papini, Convergence of Sequences of Sets, Internat. Ser. Numer. Math., vol. 76, Birkhäuser, Basel,
1986, pp. 135–155.
[3] G. Beer, V. Klee, Limits of starshaped sets, Arch. Math. 48 (1987) 241–249.
[4] J.M. Borwein, A.S. Lewis, Convergence of decreasing sequences of convex sets in non-reflexive Banach spaces,
Set-Valued Anal. 1 (1993) 355–363.
[5] R.E. Bruck, On the convex approximation property and the asymptotic behavior of non-linear contractions in Banach
spaces, Israel J. Math. 38 (1981) 304–314.
[6] F. Cabello Sánchez, J.M.F. Castillo, P.L. Papini, Seven views on approximate convexity and the geometry of K-
spaces, J. London Math. Soc. 72 (2005) 457–477.
[7] J.M.F. Castillo, P.L. Papini, Distance types in Banach spaces, Set-Valued Anal. 7 (1999) 101–115.
[8] G. Chacón, V. Montesinos, A. Octavio, A note on the intersection of Banach subspaces, Publ. Res. Inst. Math.
Sci. 40 (2004) 1–6.
[9] G.Z. Chelidze, Intersection of a sequence of embedded closed sets in a Banach space, Math. Notes 63 (1998) 310–
312, translated from Mat. Zametki.
[10] R. Deville, G. Godefroy, V. Zizler, Smoothness and Renormings in Banach Spaces, Pitman Monogr. in Pure and
Appl. Math., vol. 64, Longman, 1993.
[11] S.J. Dilworth, Intersections of centred sets in normed spaces, Far East J. Math. Sci. (Part II) (1988) 129–136 (special
volume).
[12] R. Harrop, J.D. Weston, An intersection property in locally convex spaces, Proc. Amer. Math. Soc. 7 (1956) 535–
538.
[13] V. Klee, Convex bodies and periodic homeomorphisms in Hilbert spaces, Trans. Amer. Math. Soc. 74 (1953) 10–43.
[14] V. Klee, A note on topological properties of normed linear spaces, Proc. Amer. Math. Soc. 7 (1956) 673–674.
[15] G. Marino, A remark on intersection of convex sets, J. Math. Anal. Appl. 284 (2003) 775–778.
[16] D.P. Milman, V.D. Milman, The geometry of nested families with empty intersection. Structure of the unit sphere
of a non-reflexive space, Mat. Sb. 66 (1965) 109–118, English translation: Amer. Math. Soc. Transl. 85 (1969)
233–243.
[17] V. ˘Smul’ian, On the principle of inclusion in the space of type (B), Mat. Sb. 5 (1939) 317–328.
[18] J. Stern, Some applications of model theory in Banach space theory, Ann. Math. Logic 9 (1976) 49–121.
[19] N.N. Vakhaniya, I.N. Kartsivadze, Intersection of a sequence of imbedded closed sets, Mat. Zametki 3 (1968) 165–
170.
